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Abstract
The aim of this paper is to study the stability of the characteristic vector field of a compact K-contact manifold with respect
to the energy and volume functionals when we consider on the manifold a two-parameter variation of the metric. First of all, we
multiply the metric in the direction of the characteristic vector field by a constant and then we change the metric by homotheties.
We will study to what extent the results obtained in [V. Borrelli, Stability of the characteristic vector field of a Sasakian manifold,
Soochow J. Math. 30 (2004) 283–292. Erratum on the article: Stability of the characteristic vector field of a Sasakian manifold,
Soochow J. Math. 32 (2006) 179–180] for Sasakian manifolds are valid for a general K-contact manifold. Finally, as an example,
we will study the stability of Hopf vector fields on Berger spheres when we consider homotheties of Berger metrics.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
A smooth vector field V on a Riemannian manifold (M,g) can be seen as a map into its tangent bundle endowed
with the Sasaki metric, gS , defined by g. The volume of V is the volume of V (M) considered as a submanifold of
(TM,gS). Analogously, we can define the energy of V as the energy of the map V : (M,g) −→ (TM,gS).
On a compact manifold M , the critical points of both functionals should be parallel with respect to the Levi-Civita
connection defined by g, so it is usual to restrict these functionals to the submanifold of unit vector fields. Obviously,
if M admits unit parallel vector fields, they are the absolute minimizers of both functionals, but for many natural
manifolds admitting smooth unit vector fields but not parallel ones, the value of the infimum and the regularity of
minimizers is now an open problem.
The geometrically simplest manifolds admitting unit vector fields but not parallel ones are odd-dimensional
spheres. Hopf vector fields defined as those tangent to the fibers of the Hopf fibration π : S2m+1 −→ CPm are very
special unit vector fields.
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228 A. Hurtado / Differential Geometry and its Applications 26 (2008) 227–243In [9], Gluck and Ziller showed that Hopf vector fields on the 3-dimensional round spheres are the absolute mini-
mizers of the volume and the analogous result for the energy was shown by Brito in [5]. For higher-dimension, they
are unstable critical points of the energy ([7,14] and [15]).
All these results are independent of the radius of the sphere, but as concerns the stability as critical points of the
volume, Borrelli and Gil-Medrano have shown in [4] that for m > 1 there exists a critical value of the radius, such
that, Hopf vector fields are stable critical points of the volume if and only if the radius is lower than or equal to this
critical radius. By stable we mean that the Hessian of the functional is positive semi-definite.
Moreover, Borrelli has proved in [3] that this phenomenon is not particular of the sphere and it is occurs for the
characteristic vector field of any Sasakian manifold when we change the metric by homotheties.
Besides, in [6] and [11], Gil-Medrano and the author have studied the behavior of Hopf vector fields when we
consider on the sphere another variation of the standard metric: the canonical variation of the Riemannian submersion
given by the Hopf fibration. These metrics on the sphere are known as Berger metrics. So, a natural question arises: to
study the stability of Hopf vector fields when we consider on the sphere the double variation, that is to say, homotheties
of Berger metrics.
Motivated by this question and knowing the result of Borrelli concerning Sasakian manifolds, in this paper we
study the stability with respect to the energy and the volume of the characteristic vector field of a compact K-contact
manifold (M, ξ, g), when we consider on M the following two-parameter variation of the metric: we re-scale the
metric g in the direction of the characteristic vector field by a constant factor μ = 0, and then we change these metrics
gμ by homotheties, obtaining the metrics gμλ = λgμ, with λ > 0. If we consider these metrics on the manifold, we
obtain a two-parameter family (M, ξμλ , g
μ
λ ) of almost contact metric structures with Killing characteristic vector field
ξ
μ
λ = 1/
√|μ|λξ .
The paper is organized as follows. In Section 2 we recall the definitions and results that we will need in the sequel
and we show that the unit vector fields ξμλ are critical points of the energy and volume for all μ = 0 and λ > 0.
In Section 3 we study the stability with respect to the energy of the characteristic vector field of a compact K-contact
manifold when we consider on the manifold the metrics gμλ . Since the energy is homogeneous in λ, the stability of the
vector fields ξμλ with respect to the energy is independent of λ, but it could depend on μ. In fact, we show that there
exist μ+s ∈ [0,+∞] and μ−s ∈ [−∞,0[ such that ξμ is a stable critical point of the energy if and only if 0 < μ μ+s
or μ μ−s . We call μ+s and μ−s , the E-stability numbers of the K-contact manifold.
As concerns the volume, it is not homogeneous in λ. So, for each μ = 0, in Section 4 we study how the
stability of ξμλ depends on λ. We show that there exist λ
μ
s1  λ
μ
s2 ∈ [0,+∞] such that ξμλ is stable minimal if
and only if λ ∈ [λμs1, λμs2], and therefore the stability region in λ, when it is not empty, is an interval. We call
λs1, λs2 : R \ {0} → [0,+∞], where λsi (μ) = λμsi , the stability functions of the K-contact manifold. This result gener-
alizes the corresponding one given in [3] for Sasakian manifolds.
In Section 5, as an example, we compute the E-stability numbers and the stability functions of the odd-dimensional
spheres equipped with its canonical K-contact structure (S2m+1, ξ, g). Here ξ is the Hopf vector field and g the usual
metric. On the sphere, the metrics gμ defined before are precisely the Berger metrics, so the E-stability numbers are
computed in [6] and [11].
As concerns the stability functions, for (S3, gμ), we show that if μ  1 then λμs1 = 0 and λμs2 = +∞ and that if
μ > 1, then λμs1 = λμs2 = 0. That is to say, the stability of ξμλ as a minimal vector field of (S3, gμλ ) is independent
of λ and it is achieved if and only if μ  1. For higher-dimensional spheres, we are able to compute the values of
λ
μ
s1 and λ
μ
s2 for μ  1 and μ  μc = 1/2(1 +
√
(m + 1)/(m − 1) ). For example, we can show that if m > 1 and
1/
√
2m − 2 < μ 1, λμs1 = 0 and λμs2 = (1 + ((2 − 2m)μ3 +μ+ 1)/((2m− 2)μ2 − 1)), that is to say, ξμλ is a stable
minimal vector field if and only if λ (1 + ((2 − 2m)μ3 +μ+ 1)/((2m− 2)μ2 − 1)). As a particular case, if μ = 1,
we obtain the result shown in [4] on the existence of a critical radius on round spheres. So the existence of this critical
value of λ is not a property characteristic of round spheres but, surprisingly, as we will see, it is neither a property of
all Berger spheres. When 1 < μ < μc, we only have a partial answer and there exist values of λ for which the behavior
of Hopf vector fields ξμλ is unknown.
We finish the paper showing that for Lorentzian Berger spheres, μ < 0, λμs1 = λμs2 = 0, that is to say, Hopf vector
fields ξμλ are unstable for all λ > 0.
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2.1. Energy and volume
Given a n-dimensional Riemannian manifold (M,g), the Sasaki metric gS on the tangent bundle TM is defined,
using g and its Levi-Civita connection ∇ , as follows:
gS(ζ1, ζ2) = g(π∗ ◦ ζ1,π∗ ◦ ζ2) + g(κ ◦ ζ1, κ ◦ ζ2),
where π : TM → M is the projection and κ is the connection map of ∇ . We will consider also its restriction to the
tangent sphere bundle, obtaining the Riemannian manifold (T 1M,gS).
Definition 2.1. The energy of a vector field V is the energy of the map V : (M,g) −→ (TM,gS) and it is given by
E(V ) = n
2
vol(M,g) + 1
2
∫
M
‖∇V ‖2 dv.
The relevant part of the energy, B(V ) = 12
∫
M
‖∇V ‖2 dv, is known as the total bending of V and its restriction to
unit vector fields has been widely studied by Wiegmink in [13] (see also [14]).
Definition 2.2. The volume of a vector field V is the n-dimensional volume of the submanifold V (M) of (TM,gS).
Since V ∗gS(X,Y ) = g(X,Y ) + g(∇XV,∇Y V )
F (V ) =
∫
M
f (V )dv =
∫
M
√
detLV dv,
where LV = Id + (∇V )t ◦ ∇V .
If the manifold is compact, the critical points of both functionals should be parallel, so it is usual to restrict these
functionals to the submanifold of unit vector fields.
The condition for a unit vector field to be a critical point of the energy for variations among unit vector fields and
the second variation at a critical point have been computed in [13] and [7].
Proposition 2.3. Given a unit vector field V on a Riemannian manifold (M,g) then
1. V is a critical point of the energy if and only if ω(V,g)(V ⊥) = {0}, where ω(V,g) = C11∇(∇V )t .
2. If V is a critical point and A is orthogonal to V then
(HessE)V (A) =
∫
M
(‖∇A‖2 + ‖A‖2ω(V,g)(V ))dv.
Remark 2.4. For a (1,1)-tensor field K , if {Ei} is a g-orthonormal local frame, we have
C11∇K(X) =
∑
i
g
(
(∇EiK)X,Ei
)
.
For the volume, we have the following result.
Proposition 2.5. (See [7,8].) Let V be a unit vector field on a Riemannian manifold (M,g). Then
1. V is a critical point of the volume if and only if ωV (V ⊥) = {0}, where ωV = C11∇KV and KV =
√
detLV L−1V ◦
(∇V )t .
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(HessF)V (A) =
∫
M
‖A‖2ωV (V )dv +
∫
M
1√
detLV
σ2(KV ◦ ∇A)dv
−
∫
M
tr
(
L−1V ◦ (∇A)t ◦ ∇V ◦ KV ◦ ∇A
)
dv
+
∫
M
√
detLV tr
(
L−1V ◦ (∇A)t ◦ ∇A
)
dv,
where σ2 = (tr(KV ◦ ∇A))2 − tr(KV ◦ ∇A)2.
Moreover, in [8] it was proved that a unit vector field is a critical point of F if and only if it defines a minimal
immersion in (T 1M,gS).
Remark 2.6. The Hessian of the volume at a vector field V defining a minimal immersion can be simplified if V is
assumed to be a Killing vector field. Using Lemma 9 of [8] we obtain
(HessF)V (A) =
∫
M
‖A‖2ωV (V )dv +
∫
M
1√
detLV
σ2(KV ◦ ∇A)dv
(1)+
∫
M
√
detLV tr
(
L−1V ◦ (∇A)t ◦ L−1V ◦ ∇A
)
dv.
In a Lorentzian manifold, the energy is defined for all vector fields. Nevertheless, the volume of a reference frame
(unit timelike vector field) V is not always defined, since the 2-covariant field V ∗gS can be degenerated. Due to this,
we study the volume restricted to unit timelike vector fields for which V ∗gS is a Lorentzian metric on M . We will
denote this set of vector fields by Γ −(T −1M) and it is an open subset of the set of smooth reference frames. If V
belongs to Γ −(T −1M), then detLV > 0 and the volume is well defined.
The conditions for a reference frame to be a critical point of the energy and the volume on a Lorentzian manifold
are the same conditions that those given in Propositions 2.3 and 2.5 for Riemannian metrics. If we compute the second
variation, we obtain the following
Proposition 2.7. (See [10].) Let V be a unit timelike vector field on a compact Lorentzian manifold (M,g).
1. If V is a critical point of the energy, the Hessian of E at V acting on A ∈ V ⊥ is given by
(HessE)V (A) = −
∫
M
‖A‖2ω(V,g)(V )dv +
∫
M
‖∇A‖2 dv.
2. For a unit timelike vector field V ∈ Γ −(T −1M) defining a minimal immersion, the Hessian of F at V acting on
A ∈ V ⊥ is given by
(HessF)V (A) = −
∫
M
‖A‖2ωV (V )dv +
∫
M
1√
detLV
σ2(KV ◦ ∇A)dv
−
∫
M
tr
(
L−1V ◦ (∇A)t ◦ ∇V ◦ KV ◦ ∇A
)
dv
+
∫
M
√
detLV tr
(
L−1V ◦ (∇A)t ◦ ∇A
)
dv.
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Riemannian metrics, the only difference is the minus sign of the first term of the expression of the Hessian.
2.2. K-contact manifolds
Let M be a manifold of dimension 2m+1 and ϕ, ξ and η tensor fields of type (1,1), (1,0) and (0,1), respectively.
Definition 2.9. (ϕ, ξ, η) is called an almost contact structure on M if the followings are satisfied:
1. η(ξ) = 1.
2. η(ϕ(X)) = 0, X ∈ Γ (TM).
3. ϕ2(X) = −X + η(X)ξ, X ∈ Γ (TM).
We call ξ the characteristic vector field of the almost contact metric structure.
Definition 2.10. (ϕ, ξ, η, g, ε) is called an almost contact metric structure on M , if (ϕ, ξ, η) is an almost contact
structure on M and g is a semi-Riemannian metric on M such that
1. g(ξ, ξ) = ε, ε = 1 or −1.
2. η(X) = εg(ξ,X), X ∈ Γ (TM).
3. g(ϕX,ϕY ) = g(X,Y ) − εη(X)η(Y ), X,Y ∈ Γ (TM).
Moreover, if dη(X,Y ) = g(ϕX,Y ) for all X, Y ∈ Γ (TM) then (ϕ, ξ, η, g, ε) is called a contact metric structure.
Definition 2.11. A contact metric structure on M is said to be a K-contact structure if the characteristic vector field is
Killing.
Definition 2.12. A contact metric structure on M is said to be normal if
(∇Xϕ)Y = εη(Y )X − g(X,Y )ξ, X,Y ∈ Γ (TM).
In this case we call M a Sasakian manifold.
It is easy to see that the characteristic field of a Sasakian manifold is a Killing vector field. So a Sasakian manifold
can be seen as a particular case of a K-contact manifold.
Let (M,ϕ, ξ, η, g) be a Riemannian K-contact manifold. In M we can consider the following 1-parameter family
of metrics gμ, with μ = 0
g
μ
|ξ = μg|ξ , gμ|ξ⊥ = g|ξ⊥ , gμ
(
ξ, ξ⊥
)= 0.
When μ > 0 the metric gμ is Riemannian and if μ < 0 the metric is Lorentzian and ξμ = 1/√|μ|ξ is timelike. For
regular K-contact manifolds the metrics so defined are the metrics obtained by performing the canonical variation of
the Riemannian submersion given by the Boothby–Wang fibration (see [2]).
The Levi-Civita connection ∇μ of gμ is related to ∇ by
∇μXY = ∇XY, ∇μXξμ = μ∇Xξμ, ∇μξμX = ∇ξμX + (μ − 1)∇Xξμ for X,Y ∈ ξ⊥.
In general if X, Y are vector fields on M ,
∇μXY = ∇XY + (μ − 1)g(X, ξ)∇Y ξ + (μ − 1)g(Y, ξ)∇Xξ.
Moreover, for each μ = 0, we can consider the metrics gμλ = λgμ, with λ > 0. Then, we obtain a two-parameter
family of semi-Riemannian metrics gμλ in M .
If ξμλ = 1/
√
λ|μ|ξ and ημλ = εμgμλ (ξμλ ), it is easy to see that (M,ϕ, ξμλ , ημλ , gμλ , εμ) is an almost contact metric
structure on M with Killing characteristic vector field. In addition,
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if and only if |μ| = λ.
Proof. As can be seen in [2] and [12], if (M,gμλ , ξ
μ
λ ) is a K-contact manifold with characteristic vector field ξ
μ
λ then
ϕ
μ
λ = εμ∇μξμλ . But,
(∇μξμλ )2(X) = (∇μξμλ )
(
εμ
√ |μ|
λ
∇Xξ
)
= |μ|
λ
ϕ2(X) = −|μ|
λ
X,
for all X ∈ ξ⊥. Then, since (ϕμλ )2 = −Id on ξ⊥, we have that |μ| = λ.
Conversely, if |μ| = λ, since ξμλ is Killing
R
μ
λ
(
ξ
μ
λ ,X, ξ
μ
λ
)= −∇μ∇μXξμλ ξμλ = |μ|λ X = X.
So, by the characterization of the characteristic vector field of a K-contact manifold in terms of the curvature shown
in [2], (M,gμλ , ξ
μ
λ ) is a K-contact manifold. 
Remark 2.14. As a particular case, (M, ξμ,gμ) is a K-contact manifold if and only if |μ| = 1.
Remark 2.15. If M2m+1 is a Riemannian manifold admitting a unit Killing vector field such that the sectional curva-
tures of the planes containing it are constant and equal each other, then in the family of semi-Riemannian manifolds
obtained by deforming the metric in the direction of the Killing vector field as above, we only have a K-contact
manifold.
It is known (see [13]) that if W is a unit Killing vector field, then it is a critical point of the energy if and only if the
Ricci tensor verifies that Ric(W,X) = 0, for all X orthogonal to W . In a K-contact manifold the characteristic vector
field satisfies this condition, so it is a critical point of the energy.
In (M, ξμλ , g
μ
λ ), a straightforward computation shows that
Ricμλ
(
ξ
μ
λ ,X
)= 1√
λ
Ricμ
(
ξμ,X
)= εμ
√ |μ|
λ
Ric(ξ,X) = 0,
so ξ
μ
λ is critical for the energy for all λ and μ.
For the volume, Lξμλ = (1 + |μ|/λ)Id on ξ⊥, f (ξ
μ
λ ) = (1 + |μ|/λ)m and Kξμλ = (1 + |μ|/λ)m−1(∇μξ
μ
λ )
t
. Then,
ξ
μ
λ is also a critical point of the volume.
Summarizing,
Proposition 2.16. Let (M,ϕ, ξ, η, g) be a Riemannian K-contact manifold. The unit Killing vector fields ξμλ are
critical points of the energy and of the volume for all λ and μ.
3. E-stability numbers
Let (Mn,g) be a semi-Riemannian manifold and V a unit vector field on (Mn,g). If we consider on Mn the metric
λg with λ > 0 and the unit vector field Vλ = 1/
√
λV , then the total bending verifies that Bλ(Vλ) = λn2 −1B(V ).
Therefore, the energy is homogeneous in λ and the harmonicity and stability of the vector fields Vλ are independent
on λ.
Due to this, the stability of ξμλ as a critical point of the energy does not depend on λ, but it could depend on μ. In
fact, we have
Proposition 3.1. Let (M,ϕ, ξ, η, g) be a compact Riemannian K-contact manifold of dimension 2m + 1 and
{(M, ξμ,gμ)} the family of manifolds obtained by multiplying the metric g by μ = 0 in the direction of the char-
acteristic vector field ξ . There exist μ+s ∈ [0,+∞] and μ−s ∈ [−∞,0[ such that ξμ is a stable critical point of the
energy if and only if 0 < μ μ+s or μ μ−s . Moreover, if m > 1 then μ+s < +∞.
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(2)(HessE)ξμ(A) =
∫
M
(∥∥∇μA∥∥2 + εμ‖A‖2ω(ξμ,gμ)(ξμ))dvμ.
But
(3)ω(ξμ,gμ)
(
ξμ
)= 2m∑
i=1
gμ
((∇μEi (∇μξμ)t)ξμ,Ei)= −
2m∑
i=1
gμ
(∇μEi ξμ,∇μEi ξμ)= −2m|μ|,
and
∥∥∇μA∥∥2 = ‖∇A‖2 − ‖∇ξA‖2 + (μ − 1)‖A‖2 + 1
μ
∥∥∇ξA + (μ − 1)∇Aξ∥∥2
(4)= ‖∇A‖2 +
(
1
μ
− 1
)
‖∇ξA‖2 +
(
2μ − 3 + 1
μ
)
‖A‖2 + 2μ − 1
μ
g(∇Aξ,∇ξA),
from where
(HessE)ξμ(A) =
√|μ|HA(μ),
with
HA(μ) =
∫
M
(
‖∇A‖2 + (μ(2 − 2m) − 2)‖A‖2 +( 1
μ
− 1
)
‖∇ξA − ∇Aξ‖2
)
dv.
The norms involved in the right-hand side of Eq. (4) and in the definition of HA are computed with the metric g.
To study the stability of ξμ we have to control the sign of HA(μ). If we derive respect to μ,
dHA
dμ
=
∫
M
(
(2 − 2m)‖A‖2 − 1
μ2
‖∇ξA − ∇Aξ‖2
)
dv,
and, for each A, HA(μ) is strictly decreasing.
If {μ > 0; ξμ stable for the energy} = ∅, we set μ+s := 0, otherwise we put μ+s := max{μ > 0: ξμ stable for the
energy} (if ξμ is always stable, μ+s = +∞ and this maximum is a supremum). By definition, if μ > μ+s , ξμ is unstable.
If there exists μ1 < μ+s such that ξμ1 is unstable, then there exists A ∈ ξ⊥ such that HA(μ1) < 0 which leads to a
contradiction because HA(μ1) < HA(μ+s ) and HA is decreasing.
Moreover, if m > 1, limμ→+∞ HA = −∞, for all A ∈ ξ⊥ and μ+s < +∞.
For the negative values of μ, if {μ < 0; ξμ stable for the energy} = ∅, we set μ−s := −∞, otherwise we define
μ−s := max{μ < 0: ξμ stable for the energy}.
Analogously, we can prove that ξμ is stable for the energy if and only if μ μ−s . Moreover,
lim
μ→0−
HA = lim
μ→0−
∫
M
(
‖∇A‖2 − 2‖A‖2 +
(
1
μ
− 1
)
‖∇Aξ − ∇ξA‖2
)
dv = −∞
and μ−s < 0. 
Definition 3.2. Let (M,ϕ, ξ, η, g) be a compact Riemannian K-contact manifold, we call μ+s the E+-stability number
and we call μ−s the E−-stability number of the K-contact manifold.
4. Stability functions
For each μ = 0, we are going to study how the stability of ξμλ as a minimal unit vector field of (M,gμλ ) depends
on λ. As in [3], it will be useful the following lemma.
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{(M, ξμλ , gμλ )} be the family of almost contact metric manifolds obtained by multiplying the metric gμ by λ > 0.
Then
(5)(HessF)ξμλ (A) = λ
m+ 12
(
1 + |μ|
λ
)m−2(
(HessE)ξμ(A) + 1
λ
Cμ(A)
)
,
where
Cμ(A) =
∫
M
(
(1 − 2m)μ|μ|‖A‖2 + μ∥∥∇μξμA∥∥2 + |μ|β(A))dvμ,
and β(A) = |μ|−1(1 + |μ|)2−2mσ2(Kξμ ◦ ∇μA).
Proof. Using (1) and Remark 2.8,
(HessF)ξμλ (A) = εμ
∫
M
‖A‖2λωξμλ
(
ξ
μ
λ
)
dvμλ
+
∫
M
f
(
ξ
μ
λ
)
tr
(
L−1
ξ
μ
λ
◦ (∇μA)t ◦ L−1
ξ
μ
λ
◦ (∇μA))dvμλ
+
∫
M
1
f (ξ
μ
λ )
σ2
(
Kξμλ
◦ ∇μA)dvμλ .
If {ξ,Ei, ϕEi} is a (ϕ, g)-basis, then {ξμλ ,Eiλ,Ei∗λ} with Eiλ = 1/
√
λEi and Ei∗λ = 1/
√
λϕEi , is an adapted
g
μ
λ -orthonormal local frame. Therefore,
Lξμλ
(Eiλ) =
(
1 + |μ|/λ)Eiλ, Lξμλ (Ei∗λ) = (1 + |μ|/λ)Ei∗λ and Lξμλ (ξμλ )= ξμλ ,
so
f
(
ξ
μ
λ
)= (1 + |μ|/λ)m and Kξμλ = −(1 + |μ|/λ)m−1εμ√|μ|/λϕ.
By direct computation we obtain that,
ωξμλ
(
ξ
μ
λ
)= −2m |μ|
λ
(
1 + |μ|
λ
)m−1
.
Moreover,
tr
(
L−1
ξ
μ
λ
◦ (∇μA)t ◦ L−1
ξ
μ
λ
◦ (∇μA))= (1 + |μ|
λ
)−2(∥∥∇μA∥∥2 + μ
λ
∥∥∇μ
ξ
μ
λ
A
∥∥2 + μ|μ|
λ
‖A‖2
)
,
since
gμ
(
L−1
ξ
μ
λ
◦ (∇μA)t ◦ L−1
ξ
μ
λ
◦ ∇μEiA,Ei
)= (1 + |μ|
λ
)−1
gμ
(
L−1
ξ
μ
λ
◦ ∇μEiA,∇
μ
Ei
A
)
=
(
1 + |μ|
λ
)−2(
gμ
(∇μEiA,∇μEiA)+ μ|μ|λ g(A,Ei∗)2
)
,
gμ
(
L−1
ξ
μ
λ
◦ (∇μA)t ◦ L−1
ξ
μ
λ
◦ ∇μEi∗A,Ei∗
)= (1 + |μ|
λ
)−1
gμ
(
L−1
ξ
μ
λ
◦ ∇μEi∗A,∇
μ
Ei∗A
)
=
(
1 + |μ|
λ
)−2(
gμ
(∇μEi∗A,∇μEi∗A)+ μ|μ|λ g(A,Ei)2
)
,
gμ
(
L−1
ξ
μ ◦ (∇μA)t ◦ L−1
ξ
μ ◦ ∇μξμA, ξμ
)= (1 + |μ|)−1gμ(∇μξμA,∇μξμA).
λ λ λ
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Kξμλ
◦ ∇μA = 1√
λ
(1 + |μ|
λ
)m−1
(1 + |μ|)m−1 Kξμ ◦ ∇
μA,
and then,
σ2
(
Kξμλ
◦ ∇μA)= 1
λ
(1 + |μ|
λ
)2m−2
(1 + |μ|)2m−2 σ2
(
Kξμ ◦ ∇μA
)
.
Since dvμλ = λm+
1
2 dvμ, we have
(HessF)ξμλ (A) = λ
m+ 12
(
1 + |μ|
λ
)m−2 ∫
M
(
−2mμ
(
1 + |μ|
λ
)
‖A‖2 + ∥∥∇μA∥∥2
+ μ
λ
∥∥∇μξμA∥∥2 + μ|μ|λ ‖A‖2 + |μ|λ β(A)
)
dvμ,
where, if Bji = g(∇EiA,Ej )
|μ|β(A) = (1 + |μ|)2−2mσ2(Kξμ ◦ ∇μA)
= |μ|
((
m∑
i=1
(
Bi∗i − Bii∗
))2 − m∑
i,j=1
(
B
j
i∗B
i
j∗ − Bj∗i∗ Bij − Bji Bi∗j∗ + Bj∗i Bi∗j
))
.
Therefore by Eqs. (2) and (3),
(HessF)ξμλ (A) = λ
m+ 12
(
1 + |μ|
λ
)m−2(
(HessE)ξμ(A) + 1
λ
Cμ(A)
)
,
with
Cμ(A) =
∫
M
(
(1 − 2m)μ|μ|‖A‖2 + μ∥∥∇μξμA∥∥2 + |μ|β(A))dvμ. 
Theorem 4.2. Let (M,ϕ, ξ, η, g) be a compact Riemannian K-contact manifold of dimension 2m + 1 and let
{(M, ξμλ , gμλ )} be the family of almost contact metric manifolds obtained by multiplying the metric gμ by λ > 0.
For all μ = 0, there exist λμs1  λμs2 ∈ [0,+∞] such that ξμλ is stable minimal if and only if λ ∈ [λμs1, λμs2]. Moreover, if
ξμ is stable for the energy then λμs2 = +∞, that is to say, ξμλ is stable minimal if and only if λ λμs1 .
Proof. We are going to prove that if there exist λ1 < λ2 ∈]0,+∞[ such that ξμλ1 and ξ
μ
λ2
are stable minimal then for
all λ ∈ [λ1, λ2], ξμλ is also stable minimal.
If we assume that there exist λ1 < λ < λ2 such that ξμλ is unstable, then there exists A ∈ ξ⊥ such that,
(HessF)ξμλ (A) < 0. For this A,
(6)(HessE)ξμ(A) + 1
λ
Cμ(A) < 0,
(7)(HessE)ξμ(A) + 1
λ2
Cμ(A) 0,
(8)(HessE)ξμ(A) + 1
λ1
Cμ(A) 0.
Eqs. (6) and (7), imply that Cμ(A) < 0 which leads to a contradiction if we compare (6) and (8).
In conclusion, the stability region in λ is an interval. If {λ: ξμλ stable minimal} = ∅, we set λμs1 = λμs2 = 0, otherwise
we define
λμs := inf
{
λ: ξ
μ
λ stable minimal
}
, λμs := sup
{
λ: ξ
μ
λ stable minimal
}
.1 2
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μ
s2 can take the values 0 or +∞.
Moreover, if ξμ is stable for the energy and we suppose that λμs2 < +∞, there exist λ > λμs2 and A ∈ ξ⊥ such that
(HessE)ξμ(A) + 1
λ
Cμ(A) < 0.
Since ξμ is stable for the energy, (HessE)ξμ(A) 0, so Cμ(A) < 0. But,
(HessE)ξμ(A) + 1
λ
Cμ(A) > (HessE)ξμ(A) + 1
λ
μ
s2
Cμ(A) 0,
which leads to a contradiction. Then, λμs2 = +∞. 
Therefore, when we study the stability of the vector fields ξμλ with respect to the volume, for each μ = 0, the
stability region in λ, when it is not empty, is a connect subset.
Remark 4.3. In the sequel, if ξμλ is unstable for all λ, we will set λ
μ
s1 = λμs2 = 0. In other words, we take λμs1 ∈ [0,+∞[.
Definition 4.4. Let (M,ϕ, ξ, η, g) be a compact Riemannian manifold, we call λs1, λs2 : R \ {0} → [0,+∞], where
λsi (μ) = λμsi , the stability functions of the K-contact manifold.
Remark 4.5. Theorem 4.2 is more general that the result obtained in [3] since we only assume that (M, ξ, g) is a
K-contact manifold, not necessarily Sasakian. Moreover, for μ = 1, (M, ξμ,gμ) is only an almost contact metric
structure with Killing characteristic vector field, and this is the weakest hypothesis needed to conclude the result.
To obtain the above theorem is essential the expression of the Hessian given by (5). If we have information about
the sign of Cμ(A), we can show
Corollary 4.6. Let (M,ϕ, ξ, η, g) be a compact Riemannian K-contact manifold and (M, ξμλ , gμλ ) the family of almost
contact metric manifolds obtained by multiplying the metric gμ by λ > 0. If Cμ(A) 0 for all A ∈ ξ⊥ then we have
the following
(a) If ξμ is stable for the energy then λμs1 = 0 and λμs2 = +∞, in other words, ξμλ is stable minimal for all λ > 0.
(b) If ξμ is unstable for the energy then λμs1 = 0 and λμs2 < +∞, that is to say, ξμλ is stable minimal if and only if
λ λμs2 .
Proof. Part (a) is a direct consequence of (5) and the fact that, under the assumption, (HessE)ξμ(A)  0 for all
A ∈ ξ⊥.
To show (b), if ξμ is unstable for the energy, there exists A ∈ ξ⊥ such that (HessE)ξμ(A) < 0 and
lim
λ→+∞
(
(HessE)ξμ(A) + 1
λ
Cμ(A)
)
< 0.
So, λμs2 < +∞. If we suppose that λμs1 > 0, then there exists λ < λμs1 and Aλ ∈ ξ⊥ such that
(9)(HessE)ξμ(Aλ) + 1
λ
Cμ(Aλ) < 0.
Then,
(10)(HessE)ξμ(Aλ) + 1
λ
μ
s1
Cμ(Aλ) < 0,
which is in contradiction with the definition of λμs1 . 
Remark 4.7. We will see in the last section, that for odd-dimensional spheres with 0 < μ 1, the above hypothesis
on Cμ is fulfilled.
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metric manifolds obtained by multiplying the metric gμ by λ > 0. If ξμ is unstable for the energy and there exists
Aμ ∈ ξ⊥ such that Cμ(Aμ) < 0 then, either ξμλ is unstable minimal for all λ > 0, or λμs1 > 0 and λμs2 < +∞.
Proof. Since ξμ is unstable for the energy, there exists A ∈ ξ⊥ such that (HessE)ξμ(A) < 0 and
lim
λ→+∞
(
(HessE)ξμ(A) + 1
λ
Cμ(A)
)
< 0.
Moreover, by hypothesis there exists Aμ ∈ ξ⊥ such that Cμ(Aμ) < 0 and consequently
lim
λ→0+
(
(HessE)ξμ(Aμ) + 1
λ
Cμ(Aμ)
)
= −∞.
Therefore, either ξμλ is unstable for all λ > 0 (λμs1 = λμs2 = 0) or λμs1 > 0 and λμs2 < +∞. 
5. Odd-dimensional spheres
The Hopf fibration π : S2m+1 −→ CPm determines a foliation of S2m+1 by great circles and a unit vector field can
be chosen as a generator of this distribution. It is given by V = JN where N represents the unit normal to the sphere
and J the usual complex structure on R2m+2. V is the standard Hopf vector field.
It is well known that the sphere equipped with the usual metric carries on a contact structure such that (S2m+1,V , g)
is a Sasakian manifold, and then K-contact.
In S2m+1 we can consider the canonical variation gμ, with μ = 0, of the usual metric g
gμ|V ⊥ = g|V ⊥ , gμ|V = μg|V , gμ
(
V,V ⊥
)= 0.
For m = 1 and μ > 0 these metrics on the sphere are known as Berger metrics (see [1] p. 252). For all μ = 0 the map
π : (S2m+1, gμ) −→ CPm is a semi-Riemannian submersion with totally geodesic fibers. The distribution determined
by the fibers admits as a unit generator V μ = 1√|μ|JN that we will call also Hopf vector field.
In [6] and [10] the authors have studied the stability of the Hopf vector fields V μ with respect to the energy and the
volume on Berger spheres. The results related with the energy can be reformulated in terms of the E-stability numbers
as follows
Proposition 5.1. The E-stability numbers of (S3,V , g) are μ+s = 1 and μ−s = −∞. On (S2m+1,V , g) with m > 1,
μ+s = 1/
√
2m − 2 and μ−s = −∞.
Now, we are going to study the stability of Hopf vector fields with respect to the volume when we consider on the
sphere the metrics gμλ = λgμ with λ > 0. This problem is equivalent to that of studying the behavior of Hopf vector
fields on Berger spheres of any radius.
The second variation of the energy and the volume at Hopf vector fields on Berger spheres has been computed in
[6] obtaining the following
Proposition 5.2. Let V μ be the Hopf unit vector field on (S2m+1, gμ). For each vector field A orthogonal to V μ we
have
(a) (HessE)Vμ(A) =
∫
S2m+1
(−2mμ‖A‖2 + ∥∥∇μA∥∥2)dvμ.
(b) (HessF)V μ(A) =
(
1 + |μ|)m−2 ∫
S2m+1
(∥∥∇μA∥∥2 + μ∥∥∇μV μA + εμ√|μ|JA∥∥2
+ μ(−2m − 2m|μ| + 2εμ + 2εμ(m − μ))‖A‖2)dvμ.
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(11)Cμ(A) =
∫
S2m+1
(|μ|(2m + 2)(1 − μ)‖A‖2 + μ∥∥∇μV μA + εμ√|μ|JA∥∥2)dvμ.
5.1. Riemannian Berger spheres
In the sequel, we will assume that the parameter μ is positive. The study of Lorentzian Berger metrics will be
performed in last subsection.
It has been shown in [6] that on (S3, gμ), the Hopf vector fields are the only absolute minimizers of the volume
when μ 1, otherwise they are unstable. For the metrics gμλ the situation is the following
Proposition 5.3. On (S3,V , g) with μ > 0, we have
1. If μ 1, λμs1 = 0 and λμs2 = +∞, that is to say, V μλ is a stable minimal vector field for all λ.
2. If μ > 1, λμs1 = λμs2 = 0, that is to say, V μλ is unstable minimal for all λ.
Proof. By Eqs. (5) and (11),
(HessF)V μλ (A) = λ
3
2 (1 + μ/λ)−1
(
(HessE)Vμ(A) + 1
λ
Cμ(A)
)
,
with
Cμ(A) =
∫
S3
(
4μ(1 − μ)‖A‖2 + μ∥∥∇μV μA + √μJA∥∥2)dvμ.
When μ 1, V μ is a stable critical point of the energy and Cμ(A) 0. Then, V μλ is minimal stable for all λ > 0.
To show 2), if i, j , k represent the imaginary unit quaternions and we take V = iN , E1 = jN and E2 = kN , then
{V μ,E1,E2} is a gμ-orthonormal frame. If we compute the Hessian on the direction E1 we have,
(HessF)V μλ (E1) = λ
3
2 (1 + μ/λ)−1
∫
S3
(
2
(
−μ − 2μ
2
λ
+ 2μ
λ
)
+ ∥∥∇μE1∥∥2 + μ
λ
∥∥∇μV μE1 + √μE2∥∥2
)
dvμ,
where∥∥∇μE1∥∥2 = gμ(∇μV μE1,∇μV μE1)+ gμ(∇μE2E1,∇μE2E1)
= 1
μ
∥∥∇V E1 + (μ − 1)E2∥∥2 + gμ(V,V )
= (μ − 2)
2
μ
+ μ,
∥∥∇μV μE1 + √μE2∥∥2 = 1μ
∥∥∇V E1 + (2μ − 1)E2∥∥2 = 4
μ
(μ − 1)2.
Therefore,
(HessF)V μλ (A) = 4
√
μλ3/2
(
1 + μ
λ
)−1
vol
(
S3
)(−μ
λ
+ 1
λ
+ 1
μ
− 1
)
< 0,
for all λ > 0 and V μλ is unstable. 
By the above proposition the stability of the Hopf vector fields on (S3, gμ) is invariant by homotheties. For spheres
of upper dimension, it has been shown in [4] that for μ = 1, Hopf vector fields are stable minimal vector fields if and
only if λ < 1/(2m − 3), so the situation for m > 1 will be quite different, except for some values of μ.
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√
2m − 2, λμs1 = 0 and λμs2 = +∞. That is to say, the
Hopf vector field V μλ is stable as a critical point of the volume for all λ > 0.
Proof. By Proposition 5.1, V μ is stable for the energy. Since Cμ(A)  0 for all A ∈ V ⊥, Corollary 4.6 give us the
result. 
The instability results for the round spheres have been obtained by showing that the Hessian is negative when
acting on the vector fields Aa = a − faN − f¯aV with a ∈ R2m+2, fa = 〈a,N〉 and f¯a = 〈a,V 〉.
If we compute the value of the Hessian acting on these particular vector fields we obtain
Lemma 5.5. Let (S2m+1, gμ) be a Berger sphere with μ > 0 and m > 1. If Aa = a − faN − f¯aV with a ∈ R2m+2,
then
(HessF)V μλ (Aa) = λ
m+ 12
(
1 + μ
λ
)m−2
f (m,μ,λ)
√
μm
m + 1 |a|
2 vol
(
S2m+1
)
,
where
f (m,μ,λ) = (1 − 2m)μ + 2 + (μ − 1)
2
μ
+ 1
λ
(
(2m − 2)μ(1 − μ) + 1).
Proof. It is an immediate consequence of Lemma 5.2 of [6] and Eq. (5). 
Now, as a consequence, we have the following
Proposition 5.6. On (S2m+1, gμ) with m > 1, we have:
(a) If 1/√2m − 2 < μ 1 then λμs1 = 0 and λμs2  (1 + ((2 − 2m)μ3 + μ + 1)/((2m − 2)μ2 − 1)).
(b) If 1 < μ < μc = 1/2(1 + √(m + 1)/(m − 1) ) then λμs2  (1 + ((2 − 2m)μ3 + μ + 1)/((2m − 2)μ2 − 1)).
(c) If μ μc , then V μλ is unstable for the volume for all λ > 0, that is to say, λμs1 = λμs2 = 0.
Proof. If 1/
√
2m − 2 < μ 1, then (HessE)Vμ(Aa) < 0 and Cμ(Aa) > 0. Therefore, if
λ >
Cμ(Aa)
−(HessE)Vμ(Aa) = 1 +
(2 − 2m)μ3 + μ + 1
(2m − 2)μ2 − 1 ,
then (HessE)Vμ(Aa)+1/λCμ(Aa) < 0 and V μλ is unstable. Moreover, it is easy to see that Cμ(A) 0 for all A ∈ V ⊥
and by Corollary 4.6 we get (a).
To show (b) and (c) it is enough to write the condition
(HessF)V μλ (Aa) < 0. 
Now, we are going to show that, in some cases, the bound of λμs2 in (a), (b) above is attained. In order to do so, it is
useful to consider the following expressions of the Hessian of the energy.
Proposition 5.7. (See [6].) Let V μ be the Hopf unit vector field on (S2m+1, gμ), for each vector field A orthogonal to
V μ we have:
(a) (HessE)Vμ(A) =
∫
S2m+1
((
2m + 2 − μ(m2 + 4m − 1))‖A‖2
+ ∥∥∇μV μA + m√μJA∥∥2 + 12
∥∥π ◦ DCA∥∥2
V ⊥
)
dvμ.
(b) (HessE)Vμ(A) =
∫
2m+1
((−2m − 2 − μ(m2 − 1))‖A‖2 + ∥∥∇μV μA − m√μJA∥∥2 + 12
∥∥D¯CA∥∥2
V ⊥
)
dvμ.S
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DCXW = ∇¯JXW − J ∇¯XW and D¯CXW = ∇¯JXW + J ∇¯XW , and π : T (Cm+1 \ {0}) → V ⊥ is the natural projections
{x} × Cm+1 → V ⊥x .
Proposition 5.8. On (S2m+1, gμ) with m > 1 and μ+s < μ 1, λ
μ
s2 = (1 + ((2 − 2m)μ3 +μ+ 1)/((2m− 2)μ2 − 1)),
that is to say, V μλ is a stable minimal vector field if and only if λ (1 + ((2 − 2m)μ3 + μ + 1)/((2m − 2)μ2 − 1)).
Proof. By Proposition 5.6 part (a), we only need to show that under the hypothesis on μ, if λ (1 + ((2 − 2m)μ3 +
μ + 1)/((2m − 2)μ2 − 1)) the Hessian is non-negative, when acting on any vector field A orthogonal to V μ.
Let A : S2n+1 → (JN)⊥ ⊂ Cn+1, we set
Al(p) = 12π
2π∫
0
A
(
eiθp
)
e−ilθ dθ ∈ (JN)⊥p
so that the Fourier series of A is
A(p) =
∑
l∈Z
Al(p).
Since Al(eiθp) = eilθAl(p), we have
∇JNA = ∇¯JNA =
∑
l∈Z
ilAl
and, if C(p) denotes the fiber of the Hopf fibration passing through p,∫
C(p)
〈Al,Aq〉 = 0,
if l = q . As in [4] we can show that
(12)(HessF)V μλ (A) =
∑
l∈Z
(HessF)V μλ (Al).
By Proposition 5.7 part (a),
(HessE)Vμ(Al) e1(m,μ, l)
∫
S2m+1
‖Al‖2 dvμ,
with
e1(m,μ, l) = μ
(
1 − m2 − 4m)+ 2m + 2 + 1
μ
(
l − 1 + μ(m + 1))2
= μ(2 − 2m) + 2l(m + 1) + 1
μ
(l − 1)2.
Then, if μ 1, e1(m,μ, l) 0 for all l  1. Moreover, Cμ(A) 0 when μ 1.
Under the hypothesis on μ and λ for l = 0, we have
(HessF)V μλ (A0) λ
m+ 12
(
1 + μ
λ
)m−2
f (m,μ,λ)
∫
S2m+1
‖A0‖2 dvμ,
where
f (m,μ,λ) = μ(2 − 2m) + 1
μ
+ 1
λ
(
μ2(2 − 2m) + (2m − 2)μ + 1) 0.
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(HessE)Vμ(Al) e2(m,μ, l)
∫
S2m+1
‖Al‖2 dvμ,
with
e2(m,μ, l) = μ
(
1 − m2)− 2m − 2 + 1
μ
(
l − 1 + μ(1 − m))2
= μ(2 − 2m) + 2l(1 − m) − 4 + 1
μ
(l − 1)2.
For μ 1,
e2(m,μ, l) 2 − 2m + 2l(1 − m) − 4 + (l − 1)2 = 2m(−l − 1) − 2 − 2l + l2 + 1 0,
for all l < 0 and Cμ(A) 0, so (HessF)V μλ (Al) 0.
Eq. (12) give us that V μλ is volume stable. 
Remark 5.9. For μ = 1, the above proposition is the result shown in [4] on the existence of a critical radius of round
spheres. So, Proposition 5.8 shows that the existence of a critical value of λ is not a property characteristic of round
spheres but, surprisingly, it is neither a property of all Berger spheres.
From Propositions 5.4, 5.6 and 5.8 we know the values of λμs1 and λ
μ
s2 except for 1 < μ < μc. In this case, we can
construct a vector field C2 (see description in next subsection) such that ∇μV μC2 = (μ−2)/
√
μJC2 and consequently,
Cμ(C2) =
∫
s2m+1
(
(2m + 2)μ(1 − μ) + 4(μ − 1)2)‖C2‖2 dvμ
= (2(1 − μ)((m − 1)μ + 2)) ∫
s2m+1
‖C2‖2 dvμ < 0.
By Corollary 4.8, we know then that for 1 < μ < μc, λμs1 = λμs2 = 0 or λμs1 > 0 and λμs2 < +∞.
Since
lim
λ→0+
(
(HessE)Vμ(C2) + 1
λ
Cμ(C2)
)
= −∞,
we can obtain a lower bound of λμs1 (it can also be zero if V μλ is always unstable) that, even jointly with the upper
bound for λμs2 showed in Proposition 5.6, give us only a partial information. Therefore, for some values of 1 < μ < μc,
the stability of V μλ is still an open problem.
5.2. Lorentzian Berger spheres
In [11] it has been shown that Hopf vector fields V μ on Lorentzian Berger spheres are unstable critical points of
the energy and of the volume for all μ < 0. So,
Proposition 5.10. On (S2m+1, g), μ−s = −∞.
The key to prove the above result is to consider vector fields C2s = gradμ f2s +V μ(f2s)f2s , where f2s is a polyno-
mial of degree 2s in R2m+2 such that its restriction to the sphere is a simultaneous eigenfunction of the Laplacian and
of the vertical Laplacian of the sphere. These vector fields verify that ∇μV μC2s = (μ − 2s)/
√−μJC2s and we have
shown
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a vector field C2s = gradμ f2s + V μ(f2s)V μ such that
(a) (HessE)Vμ(C2s) = 2
μ
(
μ2(1 − m) + μ(2s − 1)(m + 1) + 2s2) ∫
S2m+1
‖C2s‖2 dvμ.
(b) (HessF)V μ(C2s) = 2
μ
(1 − μ)m−2f (s,m,μ)
∫
S2m+1
‖C2s‖2 dvμ,
where
f (s,m,μ) = μ3(m − 1) + μ2(4s − 2m) + μ((2s − 1)(m + 1) − 2s2)+ 2s2.
Using the same arguments as in [11], we can show
Proposition 5.12. On (S2m+1, gμ) with μ < 0, λμs1 = λμs2 = 0. That is to say, the Hopf vector fields V μλ are unstablefor all λ > 0.
Proof. From Eq. (5),
(HessF)V μλ (A) = λ
m+ 12 (1 − μ/λ)m−2
(
(HessE)Vμ(A) + 1
λ
Cμ(A)
)
,
with
Cμ(A) =
∫
S2m+1
μ
((
μ(2m + 2) − (2m + 2))‖A‖2 + ∥∥∇μV μA − √−μJA∥∥2)dvμ.
Using Lemma 5.11, for each s ∈ N, there exists a vector field C2s = gradμ f2s + V μ(f2s)V μ, such that
(HessE)Vμ(C2s) = 2
μ
(
μ2(1 − m) + μ(4s − 1)(m + 1) + 8s2) ∫
S2m+1
‖C2s‖2 dvμ.
Therefore,
(HessF)V μλ (C2s) = λ
m+ 12
(
1 − μ
λ
)m+2
f (m,μ,λ, s)
∫
S2m+1
‖C2s‖2 dvμ,
where
f (m,μ,λ, s) = 2
μ
(
μ2(1 − m) + μ(4s − 1)(m + 1) + 8s2 + 1
λ
(
μ3(m − 1) + μ2(8s − 1 − m) − 8s2μ)).
Since lims→+∞ f (m,μ,λ, s) = −∞, for each μ < 0 and λ > 0, we only have to choose s big enough to obtain that
(HessF)V μλ (C2s) < 0 and then V
μ
λ unstable. 
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